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One-shot coherence distillation
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We characterize the distillation of quantum coherence in the one-shot setting, that is, the conversion
of general quantumstates intomaximally coherent statesunderdifferent classes of quantumoperations.
We show that the maximally incoherent operations (MIO) and the dephasing-covariant incoherent
operations (DIO) have the same power in the task of one-shot coherence distillation. We establish that
the one-shot distillable coherence under MIO and DIO is efficiently computable with a semidefinite
program, which we show to correspond to a quantum hypothesis testing problem. Further, we
introduce a family of coherence monotones generalizing the robustness of coherence as well as the
modified trace distance of coherence, and show that they admit an operational interpretation in
characterizing the fidelity of distillation under different classes of operations. By providing an explicit
formula for these quantities for pure states, we show that the one-shot distillable coherence under
MIO, DIO, strictly incoherent operations (SIO), and incoherent operations (IO) is equal for all pure
states.
1. INTRODUCTION
The phenomenon of quantum coherence, emerging from
the fundamental property of quantum superposition,
has found use in a variety of physical tasks in quantum
cryptography, quantum information processing, ther-
modynamics, metrology, and even quantum biology
[1]. The recent years have seen the development of the
resource-theoretic framework of quantum coherence, es-
tablishing precise physical and mathematical laws gov-
erning the creation, manipulation, and conversion of co-
herence [2–5]. The archetypal example of a resource the-
ory is quantum entanglement, and although coherence
and entanglement share a large number of similarities
which allowed for many parallels and interrelations be-
tween the two resource theories to be established [5–16],
the two are also very different in some aspects and can
require different approaches. One particular difference
is the lack of a single, physically-motivated choice of free
operations which best describe the allowed state manip-
ulations in the resource theory of quantum coherence,
unlike the standard choice of local operations and clas-
sical communication (LOCC) for entanglement [17]. It
thus becomes necessary to characterize the operational
properties and applications of quantum coherence un-
der several different sets of such operations [1, 9, 18–20],
the most common ones being incoherent operations (IO)
[5], strictly incoherent operations (SIO) [9], dephasing-
covariant incoherent operations (DIO) [18, 19], and max-
imally incoherent operations (MIO) [2].
One of themost significant aspects of a resource theory
are the rules governing state transformations under the
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free operations. In particular, the problem of distillation
asks: given a canonical unit of coherence represented by
the maximally coherent state |Ψ〉, what is the best rate
at which we can convert copies of a state ρ into copies
of |Ψ〉 under a chosen set of free operations? The stan-
dard approach to this problem in quantum information
theory, both in the resource theories of entanglement
[21–23] and coherence [9, 24], is to consider the asymp-
totic limit — that is, assume that we have access to an
unbounded number of independent and identically dis-
tributed (i.i.d.) copies of a quantum system. In a realistic
setting, however, the resources are finite and the num-
ber of i.i.d. prepared states is necessarily limited. More
importantly, it is very difficult to perform coherent state
manipulations over largenumbers of systems. Therefore,
it becomes crucial to be able to characterize howwell we
can distill maximally coherent states from a finite num-
ber of copies of the prepared states. The study of such
non-asymptotic scenarios has garnered great interest in
quantum information theory [25–32], including work in
the one-shot theory of entanglement distillation [33–35].
More recently, one-shot results in the resource theory of
coherence [36, 37] and more general quantum resource
theories [38, 39] were obtained.
In this Letter, we develop the framework for non-
asymptotic coherence distillation, in which one has ac-
cess only to a single copy of a quantum system and al-
lows for a finite accuracy, reflecting the realistic restric-
tions on state transformations. In particular, we establish
an exact expression for the one-shot distillable coherence
under MIO and DIO, which can be efficiently computed
as a semidefinite program (SDP). Interestingly, we show
that the two quantities are in fact the same, demonstrat-
ing that MIO and DIO have the same power in the task
of coherence distillation, and together with recent re-
sults in coherence dilution [36, 40] shedding light on
the asymptotic reversibility of state transformations un-
der DIO. Further, we generalize two fundamental quan-
tifiers of coherence, the robustness of coherence [41] and
2the modified trace distance of coherence [42], establish-
ing a family of measures of coherence which we show
to have an operational application in characterizing the
maximal fidelity of distillation under different sets of op-
erations. We derive exact expressions for thesemeasures
for all pure states, leading to a complete characterization
of pure-state one-shot distillation of coherence and show-
ing that all the considered sets of operations — IO, SIO,
DIO, MIO— have exactly the same power in such a task.
We discuss our methods and results below, and defer
more technical derivations to the Supplemental Material
[43].
2. A FAMILY OF COHERENCE MONOTONES
Consider a fixed orthonormal basis {|i〉} in a d-
dimensional Hilbert space (d < ∞). We will use D to
denote the set of all density matrices in this space, and
for a pure state |ψ〉 we will write ψ ≔ |ψ〉〈ψ |. Let ∆
denote the diagonal map (fully dephasing channel) in
the basis {|i〉}. We will denote by I the set of density
matrices which are diagonal in this basis, i.e. ρ ∈ D
such that ρ  ∆(ρ), and by I** the cone of diagonal
positive semidefinite matrices which are not necessarily
normalized.
The resource theoryof coherence consists of the follow-
ing ingredients [5]: the set of free incoherent states, repre-
sented byI, and the free operations, that is, a set of quan-
tum operations which do not generate coherence. The
largest possible set of such free operations are the maxi-
mally incoherent operations (MIO) [2], which are given by
quantum channels E such that E(ρ) ∈ I for every ρ ∈ I.
The incoherent operations (IO) [5] are those forwhich there
exists a Kraus decomposition into incoherent Kraus op-
erators, that is, {Kℓ} such that KℓρK†ℓ ∈ I** for all ℓ
and all ρ ∈ I. The strictly incoherent operations (SIO) [9]
are operations for which both {Kℓ} and {K†ℓ} are sets of
incoherent operators. Finally, the dephasing-covariant in-
coherent operations (DIO) are maps E such that [∆, E]  0.
The following strict inclusions hold: MIO ) IO ) SIO,
MIO ) DIO ) SIO [19, 44].
Throughout the development of the resource theory
of coherence, many different quantifiers of this resource
have been defined [1, 5, 6, 41, 42, 45]. A particular exam-
ple is the trace distance of coherence, given by [5, 45]
TI(ρ)  min
{ ρ − σ 1  σ ∈ I} . (1)
Although the trace distance is a fundamental quantity in
quantum information theory [46, 47], the trace distance
of coherence was found to violate the property of strong
monotonicity under incoherent operations [42], which
is considered as one of the requirements that a valid
measure of coherence should satisfy [1, 5]. Therefore,
an alternative measure called the modified trace distance
of coherence satisfying strong monotonicity under IOwas
proposed [42]:
T′I(ρ)  min
{ ρ − λσ 1  σ ∈ I, λ ≥ 0}
 min
{ ρ − X1  X ∈ I**} . (2)
Noting that strong duality holds [48, 49], we can con-
sider the Lagrange dual of the above expression to ob-
tain a characterization of the modified trace distance of
coherence as
T′I(ρ)  max
{ 〈
ρ,W
〉  − 1 ≤ W ≤ 1, ∆(W) ≤ 0}
(3)
with the Hilbert-Schmidt inner product 〈X, Y〉  Tr(XY)
for Hermitian operators. We then extend the above to a
family of quantifiers given by SDPs of the form
T
(m)
I (ρ)  max
{ 〈
ρ,W
〉  − 1 ≤ W ≤ m1, ∆(W) ≤ 0 },
(4)
similarly to the approach of Brandão [50] for entangle-
ment measures. Here, we will take m ∈ N, although it
can be treated as a continuous parameter in general. The
fact that each such measure is a valid coherence mono-
tone can be shown by expressing T(m)I as a convex gauge
function [48], and we formalize it as follows.
Proposition 1. For each m ≥ 1, T(m)I is a faithful and convex
coherencemeasure satisfying strongmonotonicity underMIO.
Note that m  1 gives T′I(ρ). For m  d − 1, one can
notice that the constraint W ≤ (d − 1)1 is redundant: the
other constraints ensure that the smallest eigenvalue of
W is at least −1 and that the trace of W is at most 0,
together implying that there cannot exist an eigenvalue
of W which is larger than d − 1. Therefore, we get
T
(d−1)
I (ρ)  max
{ 〈
ρ,W
〉  − 1 ≤ W, ∆(W) ≤ 0 }
 RI(ρ)
(5)
where RI(ρ) is the robustness of coherence [41, 51]. This
shows thatT(m)I can be thought of as a family ofmeasures
interpolating between the modified trace distance and
the robustness of coherence. Notice that we clearly also
have T(m)I (ρ)  RI(ρ) for any m > d − 1. In general, we
have that 0 ≤ T(m)I (ρ) ≤ m ∀ρ ∈ D. It is straightforward
to see by strong Lagrange duality that the family T(m)I
satisfies
T
(m)
I (ρ)  minX∈I** m Tr
(
ρ − X)
+
+ Tr
(
ρ − X)− , (6)
where (ρ−X)± denote the positive and negative parts of
the Hermitian operator ρ − X.
To characterize the values of the family of quantifiers
T
(m)
I on pure states, we consider the following quantity:|ψ〉 [m]  min|ψ〉|x〉+|y〉 ‖|x〉‖ℓ1 + √m |y〉ℓ2 , (7)
which we (for reasons that will become clear later) call
the m-distillation norm. We can then obtain the following
result.
3Theorem 1. For any pure state |ψ〉 and any m ≥ 1,
T
(m−1)
I (ψ) 
|ψ〉2[m] − 1. (8)
The proof of this Theorem relies on the fact that each
T
(m−1)
I can be viewed as a robustness measure RQm de-
fined with respect to the set Qm ≔ I ∪ 1mD. Each such
quantity was shown in [48] to reduce on pure states to
a corresponding norm defined at the level of the un-
derlying Hilbert space — in this case, it is precisely the
m-distillation norm
|ψ〉 [m].
A property of the m-distillation norm which will be
crucial in the characterization of coherence distillation is
that it can, in fact, be computed exactly. In particular, the
following holds.
Theorem 2. For a pure state |ψ〉, let ψ↓1:k denote the vector
consisting of the k largest (by magnitude) coefficients of |ψ〉,
and analogously let ψ
↓
k+1:d denote the vector of the d− k small-
est coefficients of |ψ〉, with ψ↓1:0 being the zero vector. Then,
for any pure state |ψ〉 and any integer m ∈ {1, . . . , d}we have|ψ〉 [m]  ψ↓1:m−k⋆ℓ1 +
√
k⋆
ψ↓m−k⋆+1:dℓ2 ,
where k⋆  argmin
1≤k≤m
ψ↓m−k+1:d2ℓ2
k .
Theorem 2 generalizes the recent result of Johnston et
al. [49], where an explicit formula for the modified trace
distance T(1)I was obtained for all pure states. Notice in
particular that, if all coefficients of |ψ〉 satisfy |ψi | ≤ 1√m ,
then k⋆  m is optimal and we have
|ψ〉 [m]  √m,
which means that T(m−1)I (ψ) reaches its maximum value
m − 1. As a consequence, T(m−1)I does not, in general,
admit a unique maximizer in the form of the maximally
coherent state, which in [49]was considered as a possible
indication that this quantity is not suitable as a coherence
quantifier. In the following, however, we will instead
demonstrate its operational usefulness in the characteri-
zation of the fidelity of one-shot coherence distillation.
3. DISTILLATION OF COHERENCE
Wewill denote byΨm  |Ψm〉〈Ψm | the m-dimensional
maximally coherent state |Ψm〉 
∑m
i1
1√
m
|i〉 in the ref-
erence basis. The distillable coherence C∞
d ,IO(ρ) is the
asymptotic rate at which Ψ2 can be obtained per copy
of a given state ρ via incoherent operations. Winter
and Yang [9] showed that the distillable coherence of
an arbitrary mixed state coincides with the relative en-
tropy of coherence Cr(ρ) ≔ minσ∈I D(ρ‖σ) introduced
in [2], where the quantum relative entropy is given as
D(ρ‖σ) ≔ Tr ρ(log ρ− log σ)with the logarithm taken in
base 2. For any state ρ, the distillable coherence is then
given by C∞
d ,IO(ρ)  Cr(ρ)  S(∆(ρ)) − S(ρ).
We now consider the non-asymptotic setting. For any
quantum state ρ, the fidelity of coherence distillation
under the class of operations O is defined by
FO(ρ, m) ≔ max
Λ∈O
〈
Λ(ρ),Ψm
〉
. (9)
The one-shot ε-error distillable coherence is then defined
as the maximum over all distillation rates achievable un-
der the given class of operations with an error tolerance
of ε, that is,
C
(1),ε
d ,O (ρ) : logmax
{
m ∈ N
 FO(ρ, m) ≥ 1 − ε} . (10)
As a consequence, the asymptotic distillable coherence
can be given as
C∞d ,O(ρ)  limε→0 limn→∞
1
n
C
(1),ε
d ,O (ρ⊗n). (11)
One of the main results of this work is that the one-
shot distillable coherence can be computed exactly, as
characterized in the following result.
Theorem 3. If O ∈ {MIO,DIO}, then for any state ρ ∈ D,
the fidelity of coherence distillation and one-shot ε-error distill-
able coherence can both be written as the following semidefinite
programs:
FO(ρ, m)  max
{〈
G, ρ
〉  0 ≤ G ≤ 1, ∆(G)  1m1
}
,
(12)
C
(1),ε
d ,O (ρ)  log
⌊
max
{
m
 〈G, ρ〉 ≥ 1 − ε,
0 ≤ G ≤ 1, ∆(G)  1
m
1
}⌋
.
The result reveals a fundamental relation between dif-
ferent sets of operations in the resource theory of coher-
ence, showing thatMIOandDIOhave the samepower in
the task of coherence distillation. This correspondence
is in fact surprising: not only is DIO a strict subset of
MIO, it is also known that MIO is strictly more powerful
than DIO in state transformations [19, 44], that there ex-
ist entropic coherence monotones under DIO which are
notmonotones underMIO [44], and that the two sets can
exhibit different operational capabilities in tasks such as
coherence dilution [36]. Furthermore, since MIO consti-
tutes the largest class of free operations in the resource
theory of coherence, the result is of practical relevance as
it shows that using DIO is sufficient to achieve the best
rates of distillation achievable under any class of free
operations.
We will now show that the quantities introduced in
Theorem 3 admit alternative characterizations. In partic-
ular, we will express the fidelity of distillation as a mea-
sure related to the family T(m)I introduced before, and
4the one-shot distillable coherence as a quantum hypoth-
esis testing problem. To do so, we will need to optimize
over a larger set of matrices than the incoherent states I:
namely, the set J ≔ { X  Tr(X)  1, ∆(X)  X} of unit-
trace diagonal Hermitian matrices, and analogously the
set J** of unnormalized diagonal matrices. We then
define the quantities
T
(m)
J (ρ) ≔ minX∈J** m Tr
(
ρ − X)
+
+ Tr
(
ρ − X)−
max
{ 〈
ρ,W
〉  − 1 ≤ W ≤ m1, ∆(W)  0} ,
(13)
in analogy with the measures T(m)I . Following the proof
of Prop. 1 one can easily see that T(m)J are also faithful
strong monotones under MIO. Let us now consider the
hypothesis testing relative entropy Dε
H
[25, 27], defined as
DεH(ρ| |σ) ≔ − logmin{〈M, σ〉 | 0 ≤ M ≤ 1,
1 − 〈M, ρ〉 ≤ ε}. (14)
In the setting of quantum hypothesis testing, one is inter-
ested in distinguishing between two quantum states— ρ
and σ — by performing a test measurement {M, 1 − M}
where 0 ≤ M ≤ 1. The probability of incorrectly accept-
ing state σ as true (type-I error) is given by
〈
1 − M, ρ〉,
and the probability of incorrectly accepting state ρ as
true (type-II error) is given by 〈M, σ〉 [52]. The quantity
DεH(ρ| |σ) then characterizes the minimum type-II error
while constraining the type-I error to be no greater than
ε. Alternatively, DεH(ρ| |σ) can be viewed as the operator-
smoothed version ofmin-relative entropy [34, 53]. Using
this quantity, we can obtain the following result.
Proposition 2. The fidelity of coherence distillation and one-
shot ε-error distillable coherence under O ∈ {MIO,DIO}
admit a characterization as the semidefinite programs
FO(ρ, m)  1
m
(
T
(m−1)
J (ρ) + 1
)
,
C
(1),ε
d ,O (ρ)  minX∈J D
ε
H(ρ| |X) − δ ,
(15)
where δ ≥ 0 is the least number such that the solution corre-
sponds to the logarithm of an integer.
Although the optimization in the above problems is
overmatrices which are not necessarily positive semidef-
inite, one can show that if one of the problems admits
a positive semidefinite optimal solution, then so does
the other. In the particular case of m  d, not only
does the fidelity of distillation simplify to an optimiza-
tion over I, but combining Prop. 2 with Thm. 1 of Ref.
[37] we know that in fact FO(ρ, d) is the same for any
O ∈ {MIO,DIO, SIO, IO}. However, the case of inter-
est is when such a property holds for any value of m
— we will now show that this is true for all pure states,
significantly simplifying the computation of the above
quantities.
We first notice that each T(m)I provides an upper
bound on the corresponding T(m)J , giving FMIO(ρ, m) ≤
1
m
(
T
(m−1)
I (ρ) + 1
)
. To show that this bound is in fact
tight for all pure states, we consider different sets of op-
erations — SIO as well as IO. Pure state transformations
under IO and SIO are known to be fully characterized
by majorization relations [9, 14, 44, 54], which allow us
to lower bound the fidelity of distillation and obtain the
following result.
Theorem 4. For any pure state |ψ〉, any integer m ≥ 1, and
O ∈ {MIO,DIO, SIO, IO},
FO(ψ, m)  1
m
|ψ〉2[m] . (16)
This extends the operational equivalence between
MIO and DIO in coherence distillation to the strictly
smaller set SIO, and has several important consequences.
Firstly, it shows that the one-shot distillable coherence
of pure states under any of the classes of operations
O ∈ {MIO,DIO, SIO, IO} is exactly the same, and in
fact can be expressed as the quantum hypothesis testing
problemC(1),ε
d ,O (ψ)  minσ∈I DεH(ψ | |σ)−δwith δ as before.
Secondly, we can use the properties of the m-distillation
norm to obtain exact formulas for the one-shot distillable
coherence. In particular, noting that
|ψ〉 [m]  √m (or
equivalently FO(ψ, m)  1) if and only if
|ψ〉
ℓ∞
≤ 1√
m
,
we see that the zero-error distillable coherence is given
by
C
(1),0
d ,O (ψ)  log
⌊|ψ〉−2
ℓ∞
⌋
. (17)
Relating the m-distillation norm with the fidelity of
distillation also allows us to more easily make quantita-
tive statements about the distillability of pure states on
average. For example, in Ref. [49] it was shown that the
proportion of pure states with respect to the Haar mea-
sure for which
|ψ〉 [2]  1 is given by 1 − d 21−d, which
sharply tends to 1 as d increases. In light of our results,
this then shows that, with growing dimension, only an
exponentially small fraction of pure states are one-shot
undistillable, while a significant majority of pure states
satisfy C(1),0
d ,O (ψ) ≥ 1 and therefore allow for a zero-error
one-shot distillation of at least one bit of coherence.
The results of our work have important consequences
beyond the one-shot regime, in particular for the asymp-
totic reversibility of state transformations in the resource
theory of coherence — that is, the question whether the
amount of coherence which can be distilled from a num-
ber of copies of a state ρ (distillable coherence C∞
d
) is
the same as the amount of coherence needed to prepare
the same number of copies (coherence cost C∞c ) in the
asymptotic limit of an arbitrarily large number of i.i.d.
copies. It is known that the resource theory of coherence
is reversible under MIO [9, 36], but irreversible under IO
as we have C∞
d ,IO(ρ) < C∞c ,IO(ρ) in general [9]. Recently, it
5has been claimed that C∞
c ,DIO(ρ)  C∞c ,MIO(ρ)  Cr(ρ)
[36], although a complete proof of this fact did not
appear until [40]. Our result in Thm. 3 in partic-
ular shows that C(1),ε
d ,DIO(ρ)  C
(1),ε
d ,MIO(ρ) and therefore
C∞
d ,DIO(ρ)  C∞d ,MIO(ρ)  Cr(ρ), complementing the
claims of Ref. [36] and strengthening the asymptotic
results of Ref. [40] by showing their applicability even
in the one-shot case. The fact that state transformations
are indeed reversible under DIO and the maximal set
of operations MIO is not necessary for full reversibility
contrasts with other resource theories such as entangle-
ment, where the only set of operations known to provide
asymptotic reversibility is strictly larger than the maxi-
mal set [55–58].
4. CONCLUSIONS
Wehave characterized the operational task of one-shot
coherence distillation for several classes of free opera-
tions, showing in particular that MIO and DIO have the
same power in this task, and providing computable ex-
pressions for the rates of distillation in terms of a quan-
tum hypothesis testing problem. Further, we have in-
troduced a family of coherence measures and related
it to the achievable fidelity of distillation. By quantify-
ing the introduced measures exactly on pure states and
showing that they reduce to a class of much simpler vec-
tor norms, we have obtained a full characterization of
one-shot coherence distillation from pure states, and es-
tablished that in this case all relevant sets of operations
are equally useful.
Our work unveils several new features of the resource
theory of coherence and contributes to a better under-
standing of the properties of the different sets of free
operations, as well as generalizes and provides an op-
erational interpretation to several coherence monotones.
This yields further insight on how quantum coherence
can be created and transformed in the realistic setting of
finitely many quantum states available.
The possible applications of one-shot coherence
distillation are multifold. Notably, the framework
presented herein can be used to precisely characterize
the experimentally feasible rates at which maximally
coherent states, often employed as “currency” in opera-
tional tasks, can be prepared. One such application is
randomness extraction [59], which can be implemented
by distilling the coherence of a quantum state followed
by a measurement generating uniformly random bits.
Another promising way of utilizing one-shot coherence
distillation is to enable coherent state preparation for
direct use in quantum key distribution and quantum
algorithms [60–62]. Furthermore, the comparison of the
operational capabilities of different classes of operations
provides, in particular, new insight about the relatively
unexplored class DIO, whose relation with the so-called
thermal operations could find use in the resource theory
of quantum thermodynamics [63, 64].
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Supplemental Material:
One-shot coherence distillation
1. PROPERTIES OF THE FAMILY OF COHERENCE MONOTONES
Proposition 1. For each m ≥ 1, T(m)I is a faithful and convex measure of coherence satisfying strong monotonicity under MIO.
Remark By strong monotonicity under MIO, we understand the notion that
∑
i
Tr
[
Θi(ρ)
]
T
(m)
I
(
Θi(ρ)
Tr
[
Θi(ρ)
]
)
≤ T(m)I (ρ) (S1)
where Θi are completely positive, trace non-decreasing maximally incoherent operations such that
∑
i Θi is trace
preserving. This notion of strong monotonicity has been considered e.g. in [51] and is stronger than the one
commonly encountered in the literature, wherein each Θi is identified with the action of a single Kraus operator [5].
Proof. Let ΓC(ρ)  inf
{
λ ≥ 0
 ρ ∈ λ conv(C)}  sup { 〈ρ,W〉  〈W, σ〉 ≤ 1 ∀σ ∈ C} denote the gauge function cor-
responding to the set conv(C). Each such function is convex. From the dual characterization of T(m)I in Eq. (4) it
2follows that we have T(m)I (ρ)  ΓCm (ρ) where Cm  (−D) ∪ 1mD ∪ I**. Since ΓCm is zero only for X ∈ I**, each T
(m)
I
is faithful. Since ρ ∈ conv(Cm) ⇒ 1TrΛ(ρ)Λ(ρ) ∈ conv(Cm) for each Λ ∈ MIO, each T
(m)
I is strongly monotonic under
MIO [48, Thm. 20].
Theorem 1. For any pure state |ψ〉 and any m ≥ 1 we have
T
(m−1)
I (ψ) 
|ψ〉2[m] − 1. (S2)
To prove this Theorem we will use the following result, which appears as Thm. 10 in [48].
Lemma 1. Let Q ≔ conv { |φ〉〈φ |  |φ〉 ∈ V} whereV ⊆ Cd is a compact set such that |φ〉 ∈ V ⇒ e iθ |φ〉 ∈ V ∀θ ∈ R
and span(V)  Cd . For any pure state |ψ〉, it then holds that
max
{ 〈ψ |W |ψ〉  W ≥ 0, 〈W, X〉 ≤ 1 ∀X ∈ Q}  max { 〈ψ |w〉2  |〈w |v〉| ≤ 1 ∀ |v〉 ∈ V} . (S3)
Proof of Theorem 1. Consider the set Qm ≔ I ∪ 1mD, and define the robustness with respect to Qm as
RQm (ρ) + 1 ≔max
{ 〈
ρ,W
〉  W ≥ 0, 〈W, Q〉 ≤ 1∀Q ∈ Qm} (S4)
where the term +1 is added to keep the notation consistent with quantities such as the robustness of coherence (RI).
Notice that with the change of variables W′  W − 1 we simply have
RQm (ρ)  max
{ 〈
ρ,W
〉  0 ≤ W ≤ m1, ∆(W) ≤ 1} − 1
 max
{ 〈
ρ,W′
〉  − 1 ≤ W′ ≤ (m − 1)1, ∆(W′) ≤ 0}
 T
(m−1)
I (ρ).
(S5)
Let us then define the sets
B ≔ { |ψ〉  |ψ〉〈ψ | ∈ I}
Nm ≔
{
|ψ〉
 |ψ〉
ℓ2

1√
m
}
Vm ≔
{ |ψ〉  |ψ〉 ∈ B ∪Nm}
(S6)
using which we get
Qm 
{ |ψ〉〈ψ |  |ψ〉 ∈ Vm} . (S7)
What Lemma 1 says is that the robustnessmeasureRQm corresponding to a set of this form reduces onpure states to the
gauge functionof the set conv(Vm); specifically,RQm (ψ)+1  ΓVm (|ψ〉)2, withΓVm (|ψ〉)  inf
{
λ ≥ 0
 |ψ〉 ∈ λ conv(Vm)}.
By standard results in convex analysis (see e.g. [65], 16.4.1 and 15.1.2), the gauge function of the set conv(Vm) can be
given as
ΓVm (|ψ〉)  inf|ψ〉|x〉+|y〉 ΓB(|x〉) + ΓNm (|y〉)
 inf
|ψ〉|x〉+|y〉
‖ |x〉‖ℓ1 +
√
m
|y〉
ℓ2

|ψ〉 [m] .
(S8)
The result then follows by Lemma 1.
Theorem 2. For a pure state |ψ〉, let ψ↓1:k denote the vector consisting of the k largest (by magnitude) coefficients of |ψ〉, and
analogously let ψ
↓
k+1:d denote the vector of the d − k smallest coefficients of |ψ〉, with ψ
↓
1:0 being the zero vector. Then, for any
pure state |ψ〉 and any integer m ∈ {1, . . . , d} we have|ψ〉 [m]  ψ↓1:m−k⋆ℓ1 +
√
k⋆
ψ↓m−k⋆+1:dℓ2 ,
where k⋆  argmin
1≤k≤m
ψ↓m−k+1:d2ℓ2
k .
3Proof. Without loss of generality, assume that |ψ〉 has non-negative coefficients arranged in non-increasing order.
Let
L1 ≔
ψ↓1:m−k⋆ℓ1
L2 ≔
ψ↓m−k⋆+1:dℓ2
(S9)
and take the feasible solutions
|x〉 
(
ψ1 − L2√
k⋆
, . . . , ψm−k⋆ − L2√
k⋆
, 0, . . . , 0
)T
|y〉 
(
L2√
k⋆
, . . . ,
L2√
k⋆︸¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨︷︷¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨︸
m−k⋆ times
, ψm−k⋆+1, . . . , ψd
)T
.
(S10)
Since |ψ〉  |x〉 + |y〉, we have |ψ〉 [m] ≤ ‖|x〉‖ℓ1 + √m |y〉ℓ2
 L1 − (m − k⋆) L2√
k⋆
+
√
m
√
(m − k⋆)L
2
2
k⋆
+ L22
 L1 − (m − k⋆) L2√
k⋆
+
√
m(m − k⋆)
k⋆
L22 + mL
2
2
 L1 − (m − k⋆) L2√
k⋆
+
m√
k⋆
L2
 L1 +
√
k⋆L2.
(S11)
Now, by strong Lagrange duality we have|ψ〉 [m]  max { 〈ψ |x〉  ‖|x〉‖ℓ∞ ≤ 1, ‖|x〉‖ℓ2 ≤ √m} . (S12)
Choosing
|x〉 
(
1, . . . , 1︸¨¨︷︷¨¨︸
m−k⋆ times
,
√
k⋆
L2
ψm−k⋆+1, . . . ,
√
k⋆
L2
ψd
)T
(S13)
we have that
‖ |x〉‖ℓ2 
√
m − k⋆ + k
⋆
L22
L22 
√
m
‖|x〉‖ℓ∞  max
{
1,
√
k⋆
L2
ψm−k⋆+1
}
.
(S14)
To see that ‖|x〉‖ℓ∞ is upper bounded by 1, consider first the case when k⋆  1. We then have
√
k⋆
L2
ψm−k⋆+1 
ψm
ψm +
ψ↓m+1:d2ℓ2
≤ 1. (S15)
4Assume now that k⋆ > 1 and consider the following chain of equivalent inequalities:ψ↓m−k⋆+1:d2ℓ2
k⋆
≤
ψ↓m−k⋆+2:d2ℓ2
k⋆ − 1
ψ2m−k⋆+1 +
ψ↓m−k⋆+2:d2ℓ2 ≤ k
⋆
k⋆ − 1
ψ↓m−k⋆+2:dℓ2
ψ2m−k⋆+1 ≤
1
k⋆ − 1
(
1 −
ψ↓1:m−k⋆+12ℓ2
)
k⋆ψ2m−k⋆+1 ≤
(
1 −
ψ↓1:m−k⋆2ℓ2
)
√
k⋆ψm−k⋆+1 ≤ L2
(S16)
where the first line follows by hypothesis, and in the third and fifth lineswe have used the fact that |ψ〉 is a normalized
pure state. This means that
√
k⋆
L2
ψm−k⋆+1 ≤ L2
L2
 1 (S17)
and so |x〉 is indeed a feasible solution to the dual optimization problem. We then have|ψ〉 [m] ≥ 〈ψ |x〉
 L1 +
√
k⋆L2
(S18)
which completes the proof.
2. COHERENCE DISTILLATION
Theorem 3. If O ∈ {MIO,DIO}, then for any state ρ ∈ D, the fidelity of coherence distillation and one-shot ε-error distillable
coherence can both be written as the following semidefinite programs:
FO(ρ, m)  max
{〈
G, ρ
〉  0 ≤ G ≤ 1, ∆(G)  1m 1
}
, (S19)
C
(1),ε
d ,O (ρ)  log
⌊
max
{
m
 〈G, ρ〉 ≥ 1 − ε, 0 ≤ G ≤ 1, ∆(G)  1m1
}⌋
.
Proof. Consider first the class MIO. Denote J as the Choi matrix of operation Π. Then
TrΠ(ρ)Ψm  Tr(TrA J · ρT ⊗ 1m)Ψm  Tr [TrB(J · 1d ⊗Ψm)] ρT . (S20)
Denote Uπ as the unitary that permutes the basis {|i〉} to {|π(i)〉}. ThenΨm is invariant under allUπ. Exploiting such
symmetry, w.l.o.g., we can take J 
∑
1d ⊗Uπ J1d ⊗U†π. Thus J  R⊗1m +Q⊗ (Ψm − 1m1m), since a1m + b(Ψm − 1m1m)
is the only form of operator invariant under all Uπ. Since TrB J  1d , we have R  1m1d . To constrain Π to be in
MIO, we require that it maps any incoherent state to an incoherent state, or equivalently Π(|i〉〈i |) ∈ I, which is only
possible if ∆(Q)  0. Thus the optimal operation has the structure
J  Q ⊗ (Ψm − 1
m
1m) + 1d ⊗ 1
m
1m , ∆(Q)  0. (S21)
Then, J ≥ 0 if and only if − 1m−11d ≤ Q ≤ 1d . By direct calculation, TrΠ(ρ)Ψm  (1 − 1m )TrQρT + 1m . Then we have
FMIO(ρ, m)  max
{(
1 − 1
m
)
TrQρ +
1
m
 − 1m − 11d ≤ Q ≤ 1d ,∆(Q)  0
}
. (S22)
5Replacing G  m−1m Q +
1
m1d , we have
FMIO(ρ, m)  max
{
TrGρ
 0 ≤ G ≤ 1d ,∆(G)  1m1d
}
. (S23)
Following the definition of one-shot distillable coherence, we have the SDP for C(1),ε
d ,MIO(ρ).
The condition that Π is in DIO corresponds to Π ∈ MIO and ∆(Π(|i〉〈 j |))  0 ∀i , j. From Eq. (S21), we can see
that the optimal operation is in fact already in DIO. Thus we have
FMIO(ρ, m)  FDIO(ρ, m), C(1),εd ,MIO(ρ)  C
(1),ε
d ,DIO(ρ). (S24)
Note that the optimal operation is given by
Π(ρ)  (TrGρ)Ψm + (1 − TrGρ)1m −Ψm
m − 1 , 0 ≤ G ≤ 1d , ∆(G) 
1
m
1d . (S25)
Theorem 4. For any pure state |ψ〉, any integer m ≥ 1, and O ∈ {MIO,DIO, SIO, IO},
FO(ψ, m)  1
m
|ψ〉2[m] . (S26)
Proof. Using the fact that SIO ⊂ DIO ⊂ MIO, the inclusion I ⊂ J , as well as Theorem 1, we have
FSIO(ψ, m) ≤ FDIO(ψ, m) ≤ FMIO(ψ, m) ≤ 1
m
(T(m−1)I (ψ) + 1) 
1
m
|ψ〉2[m] . (S27)
We will now show that FSIO(ψ, m) ≥ 1m
|ψ〉2[m], thus concluding the proof. To this end, begin by noting that, by
the concavity of the fidelity, to characterize the optimal fidelity of distillation of a pure state it is sufficient to consider
transformations into pure states [66]. It is known that the deterministic transformation from |ψ〉 to another pure state
|η〉 is possible by SIO or IO if and only if the vector of squared coefficients of |ψ〉 is majorized by the vector of squared
coefficients of |η〉 [9, 14, 18, 54], that is,
k∑
i1
ψ2i ≤
k∑
i1
η2i ∀k ∈ {1, . . . , d} (S28)
where we have assumed without loss of generality that the coefficients of |ψ〉 and |η〉 are non-negative and arranged
in non-increasing order.
Assuming that m ≤ d (since otherwisewe have
|ψ〉 [m]  |ψ〉 [d], sowe can take m  d andproceed analogously),
let k⋆  argmin
1≤k≤m
1
k
ψ↓m−k+1:d2ℓ2 and L2 
ψ↓m−k⋆+1:dℓ2 . Consider then the m-dimensional state
|η〉 
(
ψ1 , . . . , ψm−k⋆ ,
L2√
k⋆
, . . . ,
L2√
k⋆︸¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨︷︷¨¨ ¨¨ ¨¨ ¨¨ ¨¨ ¨¨︸
k⋆ times
)T
.
(S29)
To show that |ψ〉 can be transformed into |η〉 by IO/SIO, recall from (S16) that
ψ2m−k⋆+1 ≤
L22
k⋆
, (S30)
which means that the squared coefficients of |η〉 majorize the squared coefficients of |ψ〉. This then gives
FSIO(ψ, m) ≥
〈Ψm |η〉2

1
m
(ψ↓1:m−k⋆ℓ1 +
√
k⋆
ψ↓m−k⋆+1:dℓ2
)2

1
m
|ψ〉2[m]
(S31)
by Theorem 2, as required.
6Remark The fact that FSIO(ψ, m)  1m
|ψ〉2[m] can be equivalently obtained by using the result of Vidal et al. [66],
where the fidelity of pure-state transformations under LOCC is considered.
Proposition 2. For any state ρ, the one-shot distillable coherence under MIO and DIO corresponds to
C
(1),ε
d ,O (ρ)  minM∈J D
ε
H(ρ‖M) − δ (S32)
where δ ≥ 0 is the least number such that the solution corresponds to the logarithmof an integer, andJ  { X  Tr(X)  1, X  ∆(X)}.
Proof. To begin with, note that
min
{
k
 ∆(W)  k1}  max { 〈M,∆(W)〉  Tr(M)  1} (S33)
by strong Lagrange duality. From this, we can obtain
C
(1),ε
d ,O (ρ)  − log min〈ρ,G〉≥1−ε
0≤G≤1
min
{
k
 ∆(G)  k1} − δ
 − log min
〈ρ,G〉≥1−ε
0≤G≤1
max
Tr(M)1
〈M,∆(G)〉 − δ
 − log max
Tr(M)1
min
〈ρ,G〉≥1−ε
0≤G≤1
〈∆(M), G〉 − δ
 min
Tr(M)1
M∆(M)
− log min
〈ρ,G〉≥1−ε
0≤G≤1
〈M, G〉 − δ
 min
M∈J
DεH(ρ‖M) − δ
(S34)
where the third equality follows by Sion’s minimax theorem [67] and the self-duality of the diagonal map ∆. Here,
without loss of generality we take log x  −∞ for any x ≤ 0.
Remark One can show in the same way that pure states satisfy
C
(1),ε
d ,O (ψ)  minσ∈I D
ε
H(ψ | |σ) − δ
 − log min
〈ψ,G〉≥1−ε
0≤G≤1
‖∆(G)‖∞ − δ (S35)
since we know from Thm. 4 that FO(ψ, m)  1m
(
T
(m)
I (ψ) + 1
)
.
